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Recent efforts in lattice evaluation of the topological susceptibility had shown that at high tem-
peratures it is given by well-separated instantons (even in QCD with light fermions, where those are
highly suppressed). Recent development of the semiclassical theory suggest that below Tmax ∼ 2.5Tc,
where Polyakov line has values between one and zero, the topology ensemble can be represented by a
plasma of instanton constituents (called instanton-dyons or instanton-monopoles). It has been shown
that such ensemble undergoes deconfinement and chiral transitions, semi-qualitatively reproducing
the lattice results. There are ongoing efforts to locate them on the lattice, or use (flavor-dependent)
periodicity phases of the deformed versions of QCD on the lattice and semiclassically, in order to
test this theory. We here propose another possibly useful tool: the topological susceptibility of a
sub-lattice.
I. INTRODUCTION
Recently the field of lattice gauge topology has been
re-activated, due to two independent developments.
One is several recent extensive lattice studies of the
topological susceptibility χ(T ) in a wide range of temper-
atures T , from zero to about 2 GeV . (Its motivation is
partly a relation to axion models of the dark matter.) In
Fig.1(upper) from [3] one can see the continuum extrap-
olated value of χ1/4 versus T/Tc (the lower red shaded
region) compared for T/Tc > 2.5 with the dilute instan-
ton gas approximation (DIGA). The upper gray region
corresponds to the results of ref. [1]. Not shown in this
plot are results from the work [2], which impressively fol-
lowed χ(T ) to T as large as 2GeV , also with the conclu-
sion that DIGA is correct at high enough T . Ref.[1] also
had measured higher moment of the topological charge
fluctuations, b2. The data from this work shown in the
lower part of Fig.1 also show that for T/Tc > 2.5 the
DIGA value – following from Evacuum ∼ cos(θ) – seem
to be reached. Accepting these conclusions, we discuss
below why the behavior changes below this temperature,
and what is the correct description of the topology below
it.
Another recent development are works devoted to
of the ensemble of the instanton constituents, called
instanton-monopoles or instanton-dyons. As shown in
the pioneering papers by Kraan and van Baal [4] and Lee
and Lu Lee:1998bb, an instanton consists of Nc (number
of colors) of those. They share unit topological charge of
the instanton according to certain fractions νi, i = 1..Nc
such that
∑Nc
i=1 νi = 1.
The main rational for the instanton to get dis-
assembled into those constituents is the fact that the
mean Polyakov line below certain T deviates from 1, forc-
ing all objects to interpolate to a nonzero ‘holonomy val-
ues’ of A0. In QCD with physical quarks this happens at
TPolyakov ≈ 2.5Tc [9].
We suggest that deviation of the DIGA from suscep-
tibilities below this temperature is not a mere coinci-
dence, and that at T < 2.5Tc the instantons are dis-
assembled into instanton-dyons. In these comments we
discuss how different versions of the topological suscep-
tibility can help us to tell if this is indeed the case.
Figure 5: Continuum extrapolated results for χ
1/4
t measured from gluonic definition of topo-
logical charge and (m2l χdisc)
1/4 fitted separately (left) and the joint continuum extrapolation
of χ
1/4
t and (m
2
l χdisc)
1/4 (right). In the right panel, our results are compared with the con-
tinuum extrapolated results obtained in Ref. [36]. The solid orange line corresponds to a
partial two-loop DIGA calculation with µ = πT , K = 1.9 and αs(µ = 1.5 GeV) = 0.336,
while the band is obtained from the variation of αs by 1σ around this central value as well as
variation of the scale µ by a factor two (see text).
A similar analysis was performed for (m2l χdisc)
1/4. In this case the low
and high temperature regions were defined as 165 MeV ≤ T ≤ 240 MeV and
240 MeV < T ≤ 504 MeV, respectively. From the fits we get b = 1.96(22)
in the low temperature region, while in the high temperature region, the re-
sulting b = 2.22(27). The two fits were matched at T = 235 MeV to obtain
a continuum estimate, shown as a red band in Fig. 5. It is clearly evident
that th co tinuum esti ates for χ
1/4
t from a gluonic observable and that for
(m2l χdisc)
1/4 coincide. This is highly non-trivial and makes us confident that
the continuum extrapolation is reliable even though the cutoff effects are im-
portant. A joint fit was also performed according to Eq. 7, allowing the pa-
rameters a2, a4, b2, b4 and b6 to be different for (m
2
l χdisc)
1/4 and χ
1/4
t since
he cut-off effects in hese quantities are clearly different. We considered three
different ranges 165 MeV ≤ T ≤ 210 MeV, 195 MeV ≤ T ≤ 300 MeV and
230 MeV ≤ T ≤ 504 MeV. We checked different fit ansa¨tze, setting some of the
parameters ai and bi to zero and also including or excluding the Nτ = 6 data.
All such trials resulted in χ2 per degree of freedom for the fitting procedure to be
about one or less. Therefore we simply averaged over all such fit results in each
temperature region and used the spread in the fit to estimate the final error on
our continuum extrapolation. We also checked that the error estimated this way
is about the same as the statistical error of the representative fits. We matched
the fit results for the three different regions at T = 194 MeV and T = 277 MeV
respectively to obtain our final continuum estimate for χt, shown in right panel
of Fig. 5.
Comparing our continuum fit for χt with the continuum extrapolated results
from Ref. [36], we find that the exponent b from our fit is about factor three
larger than the corresponding b reported there. The possible reason for this
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(−1/12). The light blue band is the result of a fit to the small st lattice spacing data using a virial expansion (see
Ref. [32] for more details).
is mostly due to the different behavior of χ(T ), which hows, at least in t e explored range, a much
milder dependence on T with respect to DIGA predictions. This result of course might be affected
by residual systematic effects, in particular we have results at three different lattice spacings only in
a region which goes up to T ∼ 300 MeV, while the oscillation temperature deriving from our data
is of the order of few GeVs, so that we are strongly relying on an extrapolation. The main difficulty
in approaching higher temperatures is given by the critical slowing down observed for small lattice
spacings and by the fact that topological fluctuations become very rare at high T .
Recent results from different lattice investigations have shown contrasting results. While the re-
sults of Ref. [33] are in qualitative agreement with ours, other studies have reported a much better
agreement with the i stanton gas prediction even in the region right above Tc [34–36].
In particular, the authors of Re . [34] manage to determine χ(T ) for T up to a few GeVs and
observe a slope consistent with DIGA shortly after Tc. The main differences consist in a reweighting
procedure adopted in Ref. [34], based on the lowest lying Dirac operator eigenvalues, and in a new
strategy to approach the high T regime (see also Ref. [37]). This approach avoids direct simulations at
high T , and is based instead on simula ions at fixed topology, which are used to determine the relative
weight, in the path integral, of the topological sectors Q = ±1 with respect to the topological sector
0, since those are believed to be the only ones relevant at high T . Of course such a strategy assumes
right from the beginning that the instanton gas is dilute enough and non-interacting.
Good quantities to check for the diluteness hypothesis are the bn coefficients appearing in Eq. (2),
which are fixed by the fact that, for a non-interacting instanton gas, one has F(θ) ∝ (1 − cos θ). Our
results for b2 are reported in Fig. 6: even if the statistical uncertainties are still large, one sees that
deviations from the dilute gas hypothesis could be still appreciable for T up to 2 − 3 Tc. This is
in contrast with the pure gauge case [38–41], where corrections become negligible shortly after Tc.
That confirms the non-triviality of fermionic c ntributions and claims for future studies, which should
further check existing results. Various improvements are possible, especially to deal with the critical
slowing down of topological modes by means of improved algorithms [42–46].
FIG. 1: (Upper) The topological susceptibility χ1/4 versus
the temperature T/Tc. , from [3] (Lower) The higher order
fluctuation parameter b2, from [1].
II. VARIOUS DEFINITIONS OF THE
TOPOLOGICAL SUSCEPTIBILITY
In order to see how those theoretical ideas can match
lattice m surements, one needs first to clarify and dis-
tinguish various existing definition of χ. As we will see,
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2few existing definitions are not at all identical, and should
lead to very different results.
We start with the canonical definition of the topolog-
ical susceptibility χcanonical, following standard rout of
the statistical mechanics. The vacuum or thermal ensem-
ble with nonzero theta-angle θ is defined by an additional
term in action, which adds to the partition function an
extra factor eiθQ, where Q is the total topological charge
of the volume V4 under consideration. Since iθ play the
same role as a chemical potential, the topological suscep-
tibility can thus be given the same standard definition as
any other susceptibility, namely
χcanonical = (
1
V4Z
)
(
∂2
∂(iθ)2
Z(θ)
)
) (1)
The volume V4 in this definition should be the one of a
subsystem, of even much larger heat bath. Grand canon-
ical ensemble with the chemical potential implies that
there is free exchange of particles through the bound-
aries of the subsystem. Large heat bath ensures that the
values of variables like T and µ = ıθ are fixed, without
any fluctuations.
The standard lattice definition
χlat =
< Q2 >
V4
(2)
may look identical to the canonical one given above, but
is in fact quite different, due to the fact that in this case
the system with V4 is the whole lattice. It is topologically
a torus with no boundaries, since periodic boundary con-
ditions of the fields are imposed. Both electric QE and
magnetic QM charge of this volume must be zero, and
the topological charge Q must be integer-valued.
Another definition χsublat has been proposed by Ver-
baaschot and myself [8]. Since it was done many years
ago, let us remind it. We proposed to cut the lattice into
two subsystems, a and b, with subvolumes V a4 +V
b
4 = V4
and define the corresponding susceptibilities by the same
expression above. The simplest arrangement is to cut by
two planes normal to one of the coordinates, producing
two “slices” with
V a4 = L
3x, V b4 = L
3x¯, x¯ = L− x (3)
This definition needs some[14] extra work, but it has two
important advantages over the χlat. One is that now the
sub-volumes do have a boundary, and they do not have
a requirement that QE = QM = 0. As we will discuss
below, quarks and Dirac strings can “leak” through it.
Note also, that in this setting one obtains not a number
but the function χa(x), which can be used to define the
“screening length of the topological charge”, known also
as the η′ mass. In this case one gets an idea what is a
“large enough box”, since for m(η′)x 1 the dependence
on x disappears.
FIG. 17. Pseudoscalar correlator KP (l4) (upper panel) and scalar gluonic correlator KS(l4) (lower panel) as a function of the
length l4 of the subvolume l4×L3, from (Shuryak & Verbaarschot 1995). Screening implies that the correlator depends only on
the surface, not on the volume of the torus. This means that in the presence of screening, K(l4) goes to a constant. The results
were obtained for Nc = 3 and mu = md = 10 MeV and ms = 150 MeV. The upper solid lines correspond to a random system
of instantons, while the other solid line shows the parametrization discussed in text (the dashed line in the upper panel shows
a slightly more sophisticated parametrization). Note the qualitative difference between the data for topological and number
fluctuations.
where D(m,x) = m/(4π2x)K1(mx) is the (euclidean) propagator of a scalar particle and φ is the η − η′ mixing
angle. The correlator (227) has an obvious physical interpretation. The local terms is the contribution from a single
instanton located at the center, while the second term is the contribution from the screening cloud. One can easily
check that the integral of the correlator is of order m2π, so χtop ∼ m in the chiral limit. We also observe that the
screening length is given by the mass of the η′.
Detailed numerical studies of topological charge screening in the interacting instanton model were performed in
(Shuryak & Verbaarschot 1995). The authors verified that complete screening takes place if one of the quark masses
goes to zero and that the screening length is consistent with the η′ mass. They also addressed the question how the
η′ mass can be extracted from topological charge fluctuations. The main idea is not to study the limiting value of
⟨Q2⟩/V for large volumes, but determine its dependence on V for small volumes V < 1 fm4. In this case, one has to
worry about possible surface effects. It is therefore best to consider the topological charge in a segmentH(l4) = l4×L3
of the torus L4 (a hypercube with periodic boundary conditions). This construction ensures that the surface area of
H(l4) is independent of its volume. Using the effective meson action introduced above, we expect (in the chiral limit)
KP (l4) ≡ ⟨Q(l4)2⟩ = L3
(
N
V
)
1
mη′
(
1− e−mη′ l4) . (228)
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FIG. 2: An example of the susceptibility in sub-box χsublat
as a function of the fraction of the total box, x/L. The thin
parabolic line corresponds to randomly placed instantons and
antiinstantons, the dots are for the interacting instanton liq-
uid, from [8]. Strong screening of the topological charge in
this model is evident. Thin lines show different fits, from
which the value of mη′ was extracted.
III. INSTANTONS AND THE HIGH-T REGION
We start discussing the differences between various def-
initions of χ using the context of the instanton ensemble,
in which χsublat was originally introduced.
Le us start with QCD i the chiral limit, with mass-
less) quarks. In this case any configuration with nonzero
topological charge Q has Q quark zero modes. There-
fore, the fermionic determinant is zero if Q 6= 0, so the
gauge ensemble include only configurations with Q = 0
and thus χlat = 0.
Let us first, for simplicity, focus on T > Tc, where
there is no quark condensate and the chiral symmetry
remains unbroken. In this case the topological objects
can xist only as some clusters with the total topological
charge Q = 0. T e simpl st of those are the inst t n-
antiinstanton molecules. The ensemble made of those has
been discussed by Ilgenfritz and myself [11]. We do not
discuss them here as they are not relevant for topological
susceptibility.
While χlat = 0, the sublatt ce defin tion would lead to
a non-zero value χsublat 6= 0, be ause the instant ns and
the antiinstantons may happen to be located in different
subvolumes, see Fig3 . The quarks, created by I and
absorbed by I¯ may “leak” through the boundary!
Note, that for the particular geometry of sub-box pro-
posed, by moving a plane and changing x one changes
the sub-volumes V a4 , V
b
4 but not the area of the surface
A3 separating them. Since the leakage is expected to be
proportional to this area, χsublat ∼ A3, not volume, it
should become x-independent at large x.
Suppose now we allow small but non-zero quark masses
m (for simplicity, the same for Nf quark flavors). Quark
“veto” on Q 6= 0 configurations such as individual in-
3II¯ I¯I
I = LM L M
FIG. 3: Some configurations which produce no contributions
to the χlat, but contribute to χsublat
stantons is now lifted. Since in a dilute ensemble the
instantons can be considered to be non-interacting, one
should use the Poisson distribution, and therefore
χ(T )
T 4
∼ n(T )
T 4
∼ (Λ
T
)b
Nf∏
1
(
mf
T
) (4)
where b = 11Nc/3 + 2Nf/3. So, the high-T limit corre-
sponds to very small χlat, decreasing as relatively large
power of T , times a rather small product of quark masses.
(We will discuss SU(2) gauge theory, SU(3) gauge theory
and QCD with 3 dynamical quarks: the (inverse) powers
of the temperature in those cases are 22/3=7.66, 11 and
6, respectively.)
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FIG. 4: The temperature (MeV) dependence of the actions
S/~ of L and M type dyons, in SU(3) QCD.
IV. THE INSTANTON-DYONS
Semiclassical theory of instantons, incorporating a
nonzero Polyakov line VEV and thus a nonzero mean
value of the gauge field < A4 >6= 0, lead in 1998 to the
discovery of the instanton-dyons [4, 5]. It is nearly two
decades since these papers, but only recently a heavy
work on building a semiclassical theory of their ensem-
ble was intensified. Last year alone has produced about a
dozen papers on that. Those will not be discussed below,
for a brief review of some of them see [6].
When the mean Polyakov line < P > is between
1 to 0, gauge topology is expected to be described
by an ensemble of the instanton-dyons, with different
temperature-dependent actions and non-integer[15] topo-
logical charges, driven by < P (T ) >.
In the simplest case of the SU(2) gauge theory there
are two types of dyons, selfdual M with SM/S0 = ν and
L with SL/S0 = ν¯, plus anti-selfdual anti-dyons. The
parameter ν is related to the Polyakov line by < P >=
cos(piν). In the SU(2) gauge theory there are two M -
type dyons, related to complex-conjugated eigenvalues of
< P >. In this case ν¯ = 1 − 2ν and < P >= (1/3) +
(2/3)cos(2piν).
Plugging in the lattice input < P (T ) > one can plot
the dyon action: see example in Fig.4 (for QCD). This
plot can be used to identify the region in which the
instanton-dyon theory is semiclassical. The semiclassical
density depends on the action by n ∼ S2exp(−S): the
power of the action represent half of bosonic zero modes.
This formula has a maximum at S = 2, and we take
it as the lowest possible action at which it makes sense.
The left side of Fig.4 indicate the lowest temperature at
which this condition is fulfilled Tmin ∼ 80MeV . The
right side – high T – shows that while the action of the
L dyon grows, that of M decreases, so Tmax ∼ 370MeV .
The phase transition is indicated as a transition from a
symmetric to asymmetric phase. These considerations
of course refer to simple non-interacting dyons. We use
them simply to convey the range of Tmin < T < Tmax in
which this approach is expected to work.
The semiclassical formulae for the density of instanton-
dyons are higher than instantons, because they have
smaller actions. This is the generic reason why the χ(T )
at T < 2.5Tc gets larger than the DIGA prediction.
Another generic reason is that M -type dyons have no
quark zero modes and thus are not suppressed by fermion
masses.
Proper studies of the dyon ensemble – such as [10] from
which we borrowed Fig.6 – include their mutual interac-
tion as well as back reaction to the holonomy potential,
determining its value ν from the global minimum of the
II¯ I¯I
I = LM L M
FIG. 5: Some configurations which produce very different con-
tributions to the χlat and χsublat
4free energy. As one can see from this figure, there is no
symmetric phase, and there are always more M dyons
than L. Also the deconfinement and chiral transitions
become in QCD-like theories just a smooth cross-overs,
happening at roughly the same temperature.
of M dyons NM and v0 describing the correction to the
point that were the minimum. M is a 3 times 3 matrix with
M ¼ MT containing the coefficients for the fit.
This expression was fitted to free energy values of 53 ¼
125 points from a cube, containing five points around the
minimum in each direction. The resulting values of the ten
parameters fitted are used as follows: (i) v0 and its
uncertainties give the values of densities and holonomy
at the minimum, plotted as results below; (ii) the diagonal
component of M in the holonomy direction was converted
into the value of the Debye mass Md. An additional
requirement of the procedure, to make the ensemble
approximately self-consistent, is that the Debye mass from
the fit should be within "0.5 of the used input Debye
mass value.
To obtain the chiral properties—such as the Dirac
eigenvalue distributions and its dependence on dyon
number and volume—we only used the “dominant” con-
figurations for each action S, defined as follows. Since NM
is always an integer, we use the value closest to that
obtained from the fit. The eigenvalue distributions are then
analyzed as explained in Sec. IVA.
VI. PHYSICAL RESULTS
An accurate gauge-independent determination of the
hopping matrix element Eq. (3) is, in general, not a trivial
procedure. While zero modes for a single dyon are well
known, combining a pair ofL and L¯ dyons is not as simple as
it is for instantons: the complication is caused by magnetic
charges and the Dirac strings associated with them, trans-
porting singular magnetic flux to their centers. Ideally those
are invisible pure-gauge artifacts, whose direction is irrel-
evant: but it is not so for simple configurations like the sum
ansatz. “Combing gauge factors,” which appear in the zero
mode wave function, complicate the calculation, although
numerically their effect is relatively small: see more in
Appendix A of [17]. Currently we are working on solving
the Dirac equation for “streamline” configurations defined
in [12], but this work is not yet finished.
As a temporal solution, we use two parametrizations of
the hopping matrix element. We perform simulations with
both sets. The parametrizations themselves are explained in
the Appendix. The physical results are, respectively, split
up into two sections, one for each choice of Tij. Since the
overall constant c0 is unknown, values of c0 have been
chosen, such that the transition happens around S ¼ 7.5.
We are actively trying to obtain c0 from numerical simu-
lations. While the different Tij’s behave similar for large
distances, the behavior is different around zero. This also
means that the constant c0 can be different in the two cases.
For these results c0 was chosen such that the density of L
dyons did not become too small, while having a smooth
Polyakov loop that went to zero in the range of S ¼ 5–10.
The plots below have two scales, on their bottom and
top. The former one shows the “instanton action” parameter
S, one of the major parameters of the model controlling the
diluteness of the ensemble. We also indicate at the top the
corresponding temperature, relative to the critical temper-
ature Tc, chosen as S ¼ 7.5. It should be noted that this is a
choice, and is done in order to set a scale. The real input is
the action S or the coupling constant g. The temperature is
found from the running coupling constant:
SðTÞ¼ 8π
2
g2ðTÞ¼ b · ln
!
T
Λ
"
; b¼ 11
3
Nc−
2
3
NF: ð20Þ
This top temperature scale is approximate and should only
be used for qualitative comparison to other models and
lattice data.
A. Parametrization A for Tij
The results in this subsection are for
Tij ¼ v¯c0 exp
!
−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11.2þ ðv¯r=2Þ2
q "
: ð21Þ
Minimizing the free energy gives the dominating param-
eters for a specific action S or temperature T. This is done
for Λ ¼ 4 and −Logðc0Þ ¼ −2.60. This gives the holon-
omy, the density, Fig. 9, and Debye mass, Fig. 12. The
dominating configurations have been analyzed using the
methods described in Sec. IV in order to obtain the chiral
condensate, which is shown together with the Polyakov
loop in Fig. 10 and is also compared to the gap in Fig. 11.
W observe a smooth transition towards the z ro expect-
ation value of the Polyakov loop P as temperature
decreases. We also observe a nonzero value of the chiral
condensate as temperature decreases. This is a more abrupt
change, though in some way still smooth. Its inflection
point (change of curvature) is found around S ¼ 7.5,
FIG. 9. Parametrization A: The density of the M (blue circles)
and L (red squares) dyons as a function of action S ¼ 8π2=g2 or
temperature T=Tc.
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though the transition happens between S ¼ 6.5–8. Below
S ¼ 7 the results fluctuate around a constant.
The chiral symmetry breaking can also be observed
through the shrinking of the gap around zero as shown
together with the chiral condensate in Fig. 11. Again,
thinking of the inflection points of the two curves, we
conclude from it that the critical temperature for chiral
condensate and the gap do coincide within errors, at the
same S ¼ 6.5–8 point.
Confinement and chiral symmetry are therefore different
phenomena, but are both triggered by the increase in the
density of dyons.
The Debye mass, Fig. 12, as compared to lattice results
[20], is seen to be around 66% too large. This could be due to
the choice of working with a hard core, or it could signal that
the correct value for the size of the core is slightly larger.
B. Parametrization B for Tij
The results in this subsection are for
Tij ¼ v¯c0 e
−v¯r=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v¯r=2p ð22Þ
with − logðc0Þ ¼ −0.388 and Λ ¼ 3.2.
Just as for the other choice of Tij discussed in the
previous subsection, we obtain the parameters of density,
Fig. 13, holonomy (Polyakov loop Fig. 14), and Debye
mass, Fig. 16, as a function of temperature by minimizing
the free energy. The chiral condensate Figs. 14 and 15, and
FIG. 11. Parametrization A: The gap scaled up 15 times (blue
circles) and the chiral condensate Σ (red squares) as a function of
action S ¼ 8π2=g2 or temperature T=Tc. A clear rise/fall is seen
around S ¼ 7–7.5. We get a critical temperature from S ¼ 6.5–8
for the condensate and S ¼ 6.5–8 for the gap. Σ is scaled by 0.2.
The black constant line is defined in the caption of Fig. 10.
FIG. 12. Parametrization A: Debye mass Md as a function of
action S ¼ 8π2=g2 or temperature T=Tc.
FIG. 13. Parametrization B: The density of theM (blue circles)
and L (red squares) dyons as a function of action S ¼ 8π2=g2 or
temperature T=Tc.
FIG. 10. Parametrization A: The Polyakov loop P (blue circles)
and the chiral condensate Σ (red squares) as a function of action
S ¼ 8π2=g2 or temperature T=Tc. A clear rise is seen around
S ¼ 7.5 for the chiral condensate. Σ is scaled by 0.2. The black
constant line corresponds to the upper limit of Σ under the
assumption that the entire eigenvalue distribution belongs to the
almost-zero-mode zone, i.e. the maximum of Σ2.
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FIG. 6: (Upper plot) The densities of L and M type dyons,
versus the action S = 8pi2/g2(T ), in SU(2) QCD with two
light quark flavors. (Low r plot) The mean Polyakov line
< P > and quark conden ate Σ, versus the same va iable S.
Now let us go back to the topological susceptibilities.
Suppose first there are no fermions in the theory. Can
sub-lattices h ve non-integ r topological charg s? Yes:
the Di ac string can penetrate through the boundary and
nothing prevents a configuration shown in Fig5(right).
So, χsublat would obtain contributions with non−integer
values of Qa, Qb.
This is in sharp contrast to χlat, since lattice configu-
rations can only have integer values of Q. At this point,
one always ask why in the dyon theory any lattice con-
figurations have integer Q. It is because the lattice, un-
like the sublattice, must have zero total magnetic charge
Qmagnetic = 0.
This simple discussion nicely illustrates the drastic dif-
ference between the topology on the lattice and the sub-
lattices: the former are not canonical but in some way
share properties of the microcanonical ensembles, with
fixed charges.
Let us no return to QCD, switching on the light quarks.
The crucial observation is that only twisted L-type dyon
has physical – anti-periodic – quark zero modes. There-
fore, if quarks are massless, those can only exist inside
“neutral clusters”, such as L¯L molecules. We however
will not discuss the molecular component here, as any
topologically neutral objects are irrelevant for the topo-
logical susceptibility.
V. THE TOPOLOGICAL SCREENING AND
THE η′ MASS
At T < Tc the chiral symmetry is broken. How exactly
it happens from the point of view of topological object
has been worked out in the instanton liquid model, see
[7] for a review. The nature of the topological objects
involved –an instanton or only its L-type constituent –
is unimportant: any one with a fermionic zero mode is
generating the corresponding ’t Hooft vertex. As T → Tc
quarks travel through longer and longer chains of alter-
nating topological objects. The length of a chain scales
as V4, not as its dimension (V4)
1/4, which in the ther-
modynamical limit become infinite. That is why Dirac
eigenvalues reach zero and quark condensate is formed.
As a result, pions get massless and one can use chiral
perturbation theory to describe χ(T ) at T < Tc. This is
all well known and we do not need to describe it.
There are however some issues related to χsublet and
the topological screening length mη′ we would like to
comment on. Let us start with the following (well known)
puzzle: its numerical value 1/mη′ = 1/.958GeV ∼
0.2 fm) is several times smaller compared to the typical
distance between the topological objects, e.g. L-dyons at
Tmin, which is about 1 fm. One may wander if indeed the
quark-induced interaction can generate so strong corre-
lations inside such chains. The calculation for dyons are
in progress, and so we can only mention that it indeed
worked out in the instanton liquid, even in its simplest
form, see χsublet already shown in Fig.2.
Another comment refers to the limit of large number
of colors Nc → ∞. As famously noted by Witten [12] ,
in this limit the η′ is expected to be light,
m2η′ ∼ 1/Nc → 0 (5)
One should also recall that the so called compressibility
of the instanton ensembles, the fluctuations of N(V ) =
(g2/32pi2)
∫
d4xG2µν(x), satisfies the following low energy
theorem
< N(V )2 > − < N(V ) >2= 4
b
< N(V ) > (6)
where b = 11Nc/3 + 2Nf/3. For Nc → ∞ the r.h.s.
vanishes, which means the quantity N(V ) has in this limt
no fluctuations. This in tern implies, that the isoscalar
scalar meson σ must become heavy.
In the real world QCD with Nc = 3 these two masses
have the opposite relation,
mη′ ≈ 958MeV > mσ ≈ 500MeV (7)
5 (T )
T/TcTmin/Tc Tmax/Tc1
instanton- 
dyons
instantons
FIG. 7: A sketch indicating different forms of the topological
ensembles as a function of the temperature.
but at some Nc they should become equal, and then con-
tinue to move, up and down. According to instanton liq-
uid study by Schaefer, the m(η′) does indeed decreases
with Nc as in (5). What happens with mσ(Nc) remains
unknown. Lattice studies of these issues would be of sig-
nificant interest.
Witten [12] and Veneziano [13] famously related the
topological susceptibility to the η′ mass. However, their
argument is for χ in the limit of infinite number of col-
ors, not in physical QCD[16] . A similar expression for
derived in [8] is based on χsublat(x) in physical QCD and,
ironically, corresponds to the limit of small (rather then
large) volume limit.
VI. SUMMARY
These comments can finally be summarized in a sketch
shown in Fig.7: below T ∼ Tmax ∼ 2.5Tc a dilute in-
stanton gas changes to an ensemble of instanton-dyons.
In this lower region χlat 6= χsublat, they have different
T -dependences. If it can be evaluated on the lattic, it
will perhaps reveal the dis-assembly of instantons into
the constituents, with non-integer topological charges,
directly.
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